By applying the duplicate form of Carlitz inversions to three special cases of the qSaalschütz theorem respectively, we establish three classes of interesting summation formulae.
Introduction
For a complex number x, define the shifted factorial by , n = −1, −2, . . . . [2] , the hypergeometric series can be defined by 1+r F s
Following Bailey
where {a i } i≥0 and {b j } j≥1 are complex parameters such that no zero factors appear in the denominators of the summand on the right hand side. For two complex numbers x and q, define the q-shifted factorial by
(1 − xq i ), n = 1, 2, . . . ; , n = −1, −2, . . . .
As a generalization of hypergeometric series, the basic hypergeometric series (cf. [5] 
Then a celebrated pair of inverse series relations due to Carlitz [3, p. 893 ] (see also [4, p. 44] ) can equivalently be expressed as follows.
Lemma 1 (Carlitz Inversions) .
According to the parity of k, it is not difficult to derive the following duplicate inverse series relations from Lemma 1.
Lemma 2 (Duplicate Form of Carlitz Inversions)
. With ϕ and ψ-polynomials defined respectively by (2a) and (2b), the system of equations
is equivalent to the system of equations
The purpose of this paper is to establish three classes of interesting summation formulae by employing Lemma 2 to three special cases of (1). The corresponding results will be displayed in the next three sections respectively.
q-binomial identities containing Bailey-Daum type series
Above all, q-Saalschütz theorem (1) can be specified as
Replacing q by q 2 in the last equation, we have
Based on this identity just displayed, we shall carry out several combinatorial evaluations.
2.1
It is obvious to see that (6) reads also as
; q 2 ) n (aq −1−n ; q) n (bq −n ; q) n which matches with (4a)-(4b) perfectly under the following specifications:
Then (5a) and (5b) bring out the dual relations:
which are equivalent to the following pair of q-binomial identities.
Theorem 3 (Curious q-Binomial Identities).
2n
When a → bq, Theorem 3 reduces to the known pair of results. [5, p. 18] ).
Corollary 4 (Finite Bailey-Daum Identities: Gasper and Rahman
Taking a = bq −1 and a = bq −3 in Theorem 3 respectively, we gain the two pairs of summation formulae for basic hypergeometric series.
Corollary 5 (Bailey-Daum Type Identities).
Corollary 6 (Bailey-Daum Type Identities).
Performing the replacements a → q a , b → q b for Theorem 3 and then letting q → 1, we get the following pair of binomial identities.
Proposition 7 (Curious Binomial Identities).
When a → b + 1, Proposition 7 leads to the known pair of results.
Corollary 8 (Finite Kummer Identities: Bailey [2, p. 27] ).
Setting a = b−1 and a = b−3 in Proposition 7 respectively, we deduce the two pairs of hypergeometric series identities.
Corollary 9 (Kummer Type Identities).
Corollary 10 (Kummer Type Identities).
2.2
Splitting the factor
we can manipulate (6) as the following equation under the substitution a → aq 2 :
Therefore (5a) and (5b) give birth to the dual relations:
which can be recomposed as the following pair of q-binomial identities.
Theorem 11 (Curious q-Binomial Identities).
When a → b and b → bq −1 , Theorem 11 reduces to the pair of 2 φ 1 -series identities.
Corollary 12 (Bailey-Daum Type Identities). 1+2n .
Taking a = bq −3 and a = bq −5 in Theorem 11 respectively, we attain the other two pairs of summation formulae for basic hypergeometric series. 2n .
Corollary 13 (Bailey-Daum Type Identities).
Corollary 14 (Bailey-Daum Type Identities).
; q 2 ) n (bq −1 ; q) 2n .
Employing the substitutions a → q a , b → q b for Theorem 11 and then letting q → 1, we achieve the following pair of binomial identities.
Proposition 15 (Curious Binomial Identities).
When a → b and b → b − 1, Proposition 15 leads to the pair of 2 F 1 -series identities.
Corollary 16 (Kummer Type Identities).
Setting a = b − 3 and a = b − 5 in Proposition 15 respectively, we derive the other two pairs of hypergeometric series identities.
Corollary 17 (Kummer Type Identities).
b,
Corollary 18 (Kummer Type Identities).
2.3
Let λ be a complex number. Taking into account the general factor-splitting
we can reformulate further (6) as the following equation under the replacement a → aq 2 :
; q 2 ) n (aq −n ; q) n (bq −n ; q) n which fits into (4a)-(4b) ideally under the following specifications:
Thus (5a) and (5b) create the dual relations:
which can be reformed as the following pair of q-binomial identities with an extra parameter λ.
Theorem 19 (Curious q-Binomial Identities).
When a → b and b → bq −1 , Theorem 19 reduces to the pair of 3 φ 2 -series identities.
Corollary 20 (Bailey-Daum Type Identities).
.
Taking a = bq −3 and a = bq −5 in Theorem 19 respectively, we gain the other two pairs of summation formulae for basic hypergeometric series.
Corollary 21 (Bailey-Daum Type Identities).
Corollary 22 (Bailey-Daum Type Identities).
Performing the replacements λ → q λ , a → q a , b → q b for Theorem 19 and then letting q → 1, we get the following pair of binomial identities.
Proposition 23 (Curious Binomial Identities).
When a → b and b → b − 1, Proposition 23 leads to the pair of 3 F 2 -series identities.
Corollary 24 (Kummer Type Identities).
Setting a = b − 3 and a = b − 5 in Proposition 23 respectively, we deduce the other two pairs of hypergeometric series identities.
Corollary 25 (Kummer Type Identities).
Corollary 26 (Kummer Type Identities).
It should be pointed out that Theorems 3 and 11 are both limiting cases of Theorem 19. The details are displayed as follows:
Similarly, Propositions 7 and 15 are both limiting cases of Proposition 23. The corresponding details will not be presented here.
2.4
For δ = 0, 1, define respectively A-function and A-function by
where U k is an arbitrary function independent of n. Then we have the following two decomposition relations:
By applying the last two relations to Theorem 19 with the interchange of a and b, we can found the following pair of q-binomial identities with two additional parameters λ and ω.
Theorem 27 (Curious q-Binomial Identities).
for Theorem 27 and then letting q → 1, we obtain the following pair of binomial identities.
Proposition 28 (Curious Binomial Identities).
 .
From Theorem 27 and its limiting case Proposition 28, we can derive several summation formulae different from the ones before. In addition, the linear method for establishing Theorem 27 may be further employed to explore q-binomial identities with more parameters. Due to the limit of space, the details will not be reproduced. For the results which will appear in the next two sections, we shall carry out the similar ellipsis and not offer more explanations.
q-binomial identities containing peculiar series
Letting a → 0 and b → aq n−2 + bq −2 for (6), we gain the following equation:
The details of inversion techniques have been laid out at length in Section 2. Thus we shall directly consider the general cases in this and the next sections. In the light of the factor-splitting
we can rewrite (7) in the form
which suits to (4a)-(4b) wonderfully with
Thereby (5a) and (5b) produce the dual relations:
which can be stated as the following pair of q-binomial identities with an extra parameter λ.
Theorem 29 (Curious q-Binomial Identities).
Remark. Due to the simultaneous concurrence of the parameters a and b, there do not exist the corresponding binomial identities for Theorem 29.
Taking a = 0 in Theorem 29, we get the special case of Theorem 27.
Proposition 30 (Curious q-Binomial Identities).
Letting a → aq and b → 0 for Theorem 29, we derive the following pair of 4 φ 2 -series identities.
Proposition 31 (Curious Basic Hypergeometric Series Identities).
Letting λ → ∞, λ → aq −1 and λ → a 1 2 for Proposition 31 respectively, we attain the three pairs of 3 φ 1 -series identities.
Corollary 32 (Curious Basic Hypergeometric Series Identities).
Corollary 33 (Curious Basic Hypergeometric Series Identities).
Corollary 34 (Curious Basic Hypergeometric Series Identities).
Employing the substitutions λ → q λ , a → q a for Proposition 31 and then letting q → 1, we achieve the following pair of 3 F 2 -series identities.
Proposition 35 (Curious Hypergeometric Series Identities).
Letting λ → ∞, λ → a − 1 and λ → a/2 for Proposition 35 respectively, we deduce the three pairs of 2 F 1 -series identities.
Corollary 36 (Curious Hypergeometric Series Identities: Prudnikov et al. [6] Entry 7.3.8.4).
] .
Corollary 37 (Curious Hypergeometric Series Identities).
Corollary 38 (Curious Hypergeometric Series Identities).
For δ = 0, 1, define B-function and B-function respectively by
where V k is an arbitrary function independent of n. Then we have the following two decomposition relations:
By applying the last two relations to Theorem 29, we can establish the following pair of q-binomial identities with two additional parameters λ and ω.
Theorem 39 (Curious q-Binomial Identities).
Remark. Similar to Theorem 29, there do not exist the corresponding binomial identities for Theorem 39 due to the simultaneous concurrence of the parameters a and b.
Balanced basic hypergeometric series identities
In the next place, q-Saalschütz theorem (6) can be specified as
Considering the factor-splitting
we can recompose (8a)-(8b) as the following equation:
which answers for (4a)-(4b) greatly under the following specifications:
Hence the dual relations corresponding to (5a) and (5b) read as
which can be expressed as the following pair of summation formulae for basic hypergeometric series with an extra parameter λ.
Theorem 40 (Balanced Basic Hypergeometric Series Identities).
Letting λ → a 2 q −1 , a → aq −1/2 for (9a)-(9b) and λ → −aq −n for (9c)-(9d), we recover the known pair of results.
Corollary 41 (q-Watson Identities: Andrews [1] ).
Performing the replacements λ → q λ , a → q a , b → q b for Theorem 40 and then letting q → 1, we gain the following pair of summation formulae for hypergeometric series. 
Proposition 42 (Balanced Hypergeometric Series Identities).
Letting λ → 2a − 1, a → a − 1/2 for (10a) and λ → ∞ for (10b), we recover the known pair of results. ; q) k (1 − ωq k ) (q 1−n a; q) k (−q 2−δ−n a; q) k Θ k where Θ k is an arbitrary function independent of n. Then we have the following two decomposition relations: 
